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e Answer all questions in Section A and two questions from Section B.
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Section A
Simplify the following expressions:

1 1
(a) < - — 1), [3 marks|
1+v3\1- 2
(b) logs 9+ logg 4, [2 marks]

2?—r—-2 6—ax’—x

k
(©) = =6+ 340 [5 marks|

Differentiate the following expressions with respect to x, simplifying your answer
as far as possible:

(a) x° + cos, [3 marks]
(b) 3In(1+ 2?), [4 marks]
(c) z(1 + tan?(5z)) cos®(5x). [3 marks|

Integrate the following expressions with respect to x:

(a) ¥ + 527, [3 marks]
(b) (3z +1)? + cosuz, [4 marks]
(c) —2 3 marks
. mar
3z +1
(a) Write down the equation of the circle C', with centre at (2,1) and which
intersects the z-axis at the point P, = (2,0). [3 marks]
(b) Write down the equation of the line L which intersects C' at the point P;, and
has gradient —2. [2 marks]
(¢) Find the second point P, at which the line L intersects C. [5 marks]
(d) Sketch the graphs of C' and L on the zy-plane, indicating also P, and Ps.
[5 marks|
(a) Find all solutions z (in radians) of the equation
(2tanxsinz — 1) cosx = 1
that also satisfy 0 < x < 27. [8 marks]

(b) Show that the equation e™3* — sin(z®) = 0 has at least three roots in the
interval (0,2). (Note: you are not required to find the roots.) [7 marks]
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Section B

6. Consider the function f(z) = 1/(1+ z?).

(a) Find the derivatives f'(z) and f”(x), and find a point zy < 0 such that f(xy) =

(o) = f"(0). [7 marks]
(b) Show that the curves y = f(x) and y = f’(z) have the same tangent line L at
xg, and find the equation of L. [4 marks]
(c) Show that f(z) > f'(x) for every real number z. [3 marks]

(d) Calculate the area enclosed by the curves y = f(x) and y = f'(z), and the
lines x = xy and x = 0. [6 marks]
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7. A projectile is fired up an incline (incline angle ¢) with an initial speed vy at angle
6o with respect to the horizontal (6y > ¢) as shown in the figure below.

VO X | Path of projectile
’

(a) Show that the trajectory of the projectile is given by the equation
g

~ (tanfy)r — 2"
y = (tanfo) 2 v2 cos? by

where ¢ is the gravitational acceleration.
[3 marks]

(b) Hence show that the projectile travels a distance d up the incline, where

_ 2u§ cos By sin(y — @)

g cos? ¢

[7 marks|

(c) For what value of 6y is d at its maximum, and what is the maximum value?
Simplify your answer for the maximum value as far as possible. ~ [10 marks]

You may require the following identities:

sin(a — 3) = sin(«) cos(f) — cos(a) sin(3),
cos(a + ) = cos(a) cos(B) — sin(«) sin(/3),

sin(«) cos(B) = %sin(& + 5) + %sin(a - p).
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8. Suppose that a continuous random variable, X, has a probability density function

given by
kx for 0 <z <1,
flx) =92k —kr forl<uxz<2
0 for x <0or x> 2.
(a) Find the value of k. [3 marks|
(b) Draw a graph of the function f(x) for —2 < x < 4. [2 marks]
(c¢) Find E(X) and Var(X). [10 marks]
(d) If Y =3X +2, find E(Y) and Var(Y). [2 marks]
(e) Find M such that P(X < M) = 0.4. [3 marks|



